Abstract. Uniqueness of mass-conserving self-similar solutions to Smoluchowski's coagulation equation is shown when the coagulation kernel K is given by K(x, x * ) = 2(xx * ) −α , (x, x * ) ∈ (0, ∞) 2 , for some α > 0.
Introduction
Smoluchowski's coagulation equation is a mean-field model describing the growth of particles which increase their sizes by successive pairwise mergers [25, 26] . Denoting the size distribution function of particles of size x ∈ (0, ∞) at time t ∈ [0, ∞) by f (t, x), Smoluchowski's coagulation equation reads
for (t, x) ∈ (0, ∞) 2 . In (1), K is the coagulation kernel and K(x, x * ) = K(x * , x) ≥ 0 measures the likelihood that a particle of size x and a particle of size x * merge. More specifically, the first term in the right-hand side of (1) accounts for the formation of particles of size x resulting from the coalescence of two particles with respective sizes x * ∈ (0, x) and x − x * . The second term in the right-hand side of (1) describes the loss of particles of size x as they coagulate with other particles of arbitrary sizes. Observe that, during the just described coagulation mechanism, there is no loss of matter and the total mass of the particles is expected to be constant throughout time evolution, that is,
It is however well-known by now that infringement of the conservation of matter (2) occurs for coagulation kernels K growing sufficiently rapidly for large sizes, a typical example being K(x, y) = (xy)
when λ > 1 [8, 14, [16] [17] [18] 28] . This phenomenon is usually referred to as gelation and corresponds to a runaway growth in the coagulation process: the rapid growth of the coagulation kernel for large sizes enhances the formation of larger and larger particles and leads to the appearance of particles of infinite size (also called giant particle) in finite time. Since the size distribution function f only accounts for finite size particles, there is thus an escape of matter from the system of finite size particles towards giant particles.
When the conservation of matter (2) holds true for all times, a key issue in the study of Smoluchowski's coagulation equation (1) is its predictive behaviour, especially regarding the long term dynamics. In that direction, a commonly accepted conjecture is that the size distribution function f displays a scaling behaviour as t → ∞ which complies with conservation of matter, namely,
where σ(t) denotes the mean size at time t and ϕ the scaling or self-similar profile which is expected to be non-negative and to have a finite mass, both being yet undetermined [17, 27] . The assertion (3) is usually referred to as the dynamical scaling hypothesis in the literature and its validity turns out to be one of the main issues in the analysis of Smoluchowski's coagulation equation. Current research focuses on homogeneous coagulation kernels K satisfying
for some λ ∈ (−∞, 1) (we leave aside the case λ = 1 which is rather peculiar, see [2, 3, 13, 17, 20, 27] , while λ > 1 corresponds to the onset of gelation and thus a different dynamics [17, 27] ). When λ ∈ (−∞, 1), it is expected that
is a self-similar solution to the coagulation equation (1) . Inserting the ansatz (5) in (1) and using (4) lead to the existence of a positive constant w > 0 such that
and
thereby determining the mean size σ (up to the constant w) and providing a nonlinear and nonlocal integrodifferential equation solved by the scaling profile ϕ. We are then left with investigating the existence of non-negative solutions ϕ to (7) with a prescribed total mass M 1 (ϕ) = ̺ for some given ̺ > 0. When K ≡ 2, a family of explicit solutions x → (w 2 /̺)e −wx/̺ is known for a long time and several existence results have been obtained in the past decade for various coagulation kernels [1, 4, 9, 10, 23] . Special attention is also paid to the identification of the behaviour of the scaling profile for small and large sizes [5, 7, 11, 22, 23] , see also [17, 19, 27] for formal asymptotic expansions.
Though not exhausted, the question of the existence of scaling profiles is thus answered in a satisfactory way by now. Nevertheless, we are still far away from a complete proof of the dynamical scaling hypothesis (3) and a first step towards its validity is the uniqueness (up to scaling) of the scaling profile. The first result in that direction deals with the constant coagulation kernel K ≡ 2 for which it is known that, given w > 0 and ̺ > 0, there is a unique non-negative scaling profile ϕ w,̺ solving (7) and satisfying M 1 (ϕ w,̺ ) = ̺ [20] . It is actually given explicitly by ϕ w,̺ (x) = (w 2 /̺)e −wx/̺ , x ∈ (0, ∞), and the uniqueness proof relies on the fact that the Bernstein (or desingularized Laplace) transform Bϕ of any scaling profile ϕ defined by
is a solution to the ordinary differential equation
which can be solved explicitly. Though such a nice device does not extend to other coagulation kernels, the Laplace transform is also employed in [21, 24] to prove the uniqueness of scaling profiles for coagulation kernels K with homogeneity zero which are sufficiently small perturbations of the constant kernel. The coagulation kernels K dealt with in [21, 24] satisfy in particular
for α ∈ [0, 1/2) and ε > 0 sufficiently small. Let us also mention that some partial uniqueness results are also obtained in [5] for the coagulation kernel 1) , and λ := α + β ∈ (−1, 1). More precisely, it is shown in [5] that prescribing the moments of order one and λ guarantees the uniqueness of the scaling profile when α = 0. In the same vein, when α < 0, a similar result is available when prescribing not only the moments of order one, α, and β, but also the behaviour for small sizes.
The purpose of this note is to contribute to the uniqueness issue of scaling profiles for the particular class of coagulation kernels
which is introduced in [6] , the parameter α being a positive real number. More precisely, the main result of this note reads: Theorem 1. Let w > 0 and ̺ > 0 and assume that the coagulation kernel K is given by (8) for some α > 0. There is a unique non-negative scaling profile ϕ w,̺ satisfying
and (7) for all x ∈ (0, ∞).
Let us first recall that the existence of a scaling profile solving (7) and enjoying the regularity and integrability properties (9) can be shown by adapting arguments from [9, 10] , see [1] and Proposition 3 below. Concerning uniqueness, the proof takes advantage of the specific structure of the coagulation kernel (8) , as did those developed in [20, 21, 24] for other kernels, but, instead of using the Laplace transform, we take a different route and use a weighted indefinite integral of ϕ in the spirit of [12] . More precisely, given w > 0 and a scaling profile ϕ satisfying (7), we introduce
and derive an equation solved by H. We then show that this equation has a unique solution satisfying H(0) = 1, the latter property corresponding to the additional assumption M −α (ϕ) = 1. We finally use a scaling argument to connect the mass constraint M 1 (ϕ) = ̺ to M −α (ϕ) = 1. As a final comment, while Theorem 1 provides a step further towards the validity of the dynamical scaling hypothesis (3) for the coagulation kernel (8), the approach developed in this note does not seem to provide valuable information on the time-dependent problem. It is thus likely that the stability of ϕ w,̺ (if true) requires additional ideas. In fact, as far as we know, the constant coagulation kernel K ≡ 2 is the only one with homogeneity strictly smaller than one for which the validity of (3) is rigorously established [15, 20] , the additive coagulation kernel K(x, x * ) = x + x * being also handled in [20] .
Throughout the paper we use the following notation: given m ∈ R, we set
We also denote the positive cone of X m by X + m , that is, X + m := {f ∈ X m : f ≥ 0 a.e. in (0, ∞)}. From now on, we fix w > 0 and α > 0 and assume that the coagulation kernel K is given by (8).
Scaling Profiles
We begin with the definition of a scaling profile solving (7) for the particular choice (8) of the coagulation kernel.
Definition 2. A scaling profile is a function
which satisfies (7) for all x ∈ (0, ∞).
We next collect some properties of scaling profiles and first state an existence result.
Proposition 3. Let ̺ > 0.
There is at least one scaling profile ϕ in the sense of Definition 2 such that M 1 (ϕ) = ̺. In addition,
Proof. The existence of a (weak) solution ϕ ∈ X + 1 to (7) which satisfies (10), (11) , and M 1 (ϕ) = ̺ can be performed by adapting suitably the arguments developed in [9, 10] for related coagulation kernels, see [1] for a complete proof. The C 1 -smoothness of ϕ next follows from (11) according to [5] and, together with the already established integrability properties, implies that ϕ solves (7) pointwisely.
We next report a scaling invariance of scaling profiles which stems from the homogeneity of the coagulation kernel K. 
The specific form (8) of the coagulation kernel also entails an additional property of scaling profiles.
Lemma 5. Let ϕ be a scaling profile in the sense of Definition 2. Then
Proof. We integrate (7) over (0, ∞) and use Fubini's theorem to obtain the claim.
We next introduce an auxiliary function and identify the equation it solves.
Lemma 6. Let ϕ be a scaling profile in the sense of Definition 2 and define
and H solves
for x ∈ (0, ∞), where * denotes the convolution product, that is,
Proof. First, (13) readily follows from (10), (12), Fubini's theorem., and Lemma 5. Next, since ϕ(x) = x α h(x) for x ∈ (0, ∞) by (12), we infer from (7) that h solves
Let x 0 ∈ (0, ∞). Integrating (15) with respect to x over (x 0 , ∞) gives
On the one hand, it follows from (11) and (12) that, for x > 0,
On the other hand, Fubini's theorem ensures that
Combining (12), (16), (17), and (18), we end up with
and ϕ ∈ X 0 , we deduce that x α H(x) → 0 as x → ∞ and thereby complete the proof.
Uniqueness
The heart of the proof of Theorem 1 is the following uniqueness result.
Proposition 7.
Let ϕ 1 and ϕ 2 be two scaling profiles in the sense of Definition 2 and assume further that
Proof. For i ∈ {1, 2}, we define
and observe that (19) implies that
Introducing
we infer from (14) in Lemma 6 and (21) that E solves
Since
by (21), we realize that
Inserting this formula in (23), we end up with
for x ∈ (0, ∞). We multiply (24) by Σ(x) and integrate over (0, ∞) to obtain
On the one hand, we infer from (21) and the positivity of α that x 1+α E(x) → 0 as x → 0. On the other hand, according to (20) and the integrability properties (10) of ϕ 1 and ϕ 2 ,
Consequently, the first term in the right-hand side of (26) vanishes and it follows from (25), (26), and Fubini's theorem that
Owing to (21) and the property |Σ| ≤ 1, we notice that
Consequently, the left-hand side of (27) is non-negative while its right-hand side is non-positive, so that they both vanish, hence
Since EΣ 2 = E, an alternative formulation for (29) reads
We next define P := {x ∈ (0, ∞) : E(x) > 0} and N := {x ∈ (0, ∞) : E(x) < 0} .
Since E clearly belong to C(0, ∞), both P and N are open subsets of (0, ∞). Recalling that 1 ≥ Σ(x)Σ(x * ) for all (x, x * ) ∈ (0, ∞) 2 , we infer from (30) that
that is, |N ∩ (0, x)| = 0 for almost every x ∈ P. A similar argument ensures that |P ∩ (0, x)| = 0 for almost every x ∈ N . Therefore, by Fubini's theorem,
Recalling the continuity of E, we have thus established that either P or N is empty, so that E has a constant sign on (0, ∞). However, (13) and (19) imply that 
̺ .
Consequently, a 1 = a 2 which, together with (32), entails that ϕ 1 = ϕ 2 and completes the proof.
